Let Nm(x) denote the number of arithmetic progressions consisting of m primes with largest member not exceeding x. Nm(x) has been tabulated for 3 < m < 10 and selected values of x between 1000 and 50000, and the results are compared here with those obtained by (heuristic) asymptotic approximations to Nm(x).
1. Introduction. Although an old conjecture asserts the existence of arithmetic progressions of arbitrary length and consisting only of primes, the longest known progression of primes consists of only 17 terms and was discovered only recently [11] . In what follows, when we mention an arithmetic progression, or even simply a progression, we shall mean an arithmetic progression all of whose terms are primes. Computer searches for long arithmetic progressions have been made by Golubev ([1] , [2] , [3] , [4] ), Karst and Root ([9] , [10] ), Weintraub ([11] , [12] ) and others ( [7] , [8] ). While a fairly large number of progressions with 10 terms are known, relatively few with 11, 12, 13 or more terms have been found. In some searches negative primes were accepted (see, for example, pp. 300-301 in [3] ), but we shall restrict our attention to progressions consisting of positive primes only. The letter p, with or without a subscript, will always denote a prime. In particular, pn will represent the «th prime so that px = 2, p2 = 3, etc. We shall denote the common difference of any given progression by d. 
. , 11).)
A rather natural question suggests itself: If m is a given positive integer, how large must xm be if one is to have a "reasonable" chance of finding a progression with m terms, none of which exceeds xm? In Table 2 we give for each m = 2, 3, ... , 17
the arithmetic progression with m terms for which the last (mth) term qm is the smallest known to date. For m < 10, qm is the minimal value for the last term of a progression of length m. For m = 11, 12, 13 it is highly likely that the given value of qm is indeed the smallest mth term that exists. For m = 14, 15, 16, 17 this is much less certain. In any event, these values of qm indicate rather clearly that we may expect xm to increase quite rapidly with m. One possible approach to evaluating xm is to derive a formula (or approximation), say Fm(x), for Nm(x), the number of arithmetic progressions with m terms and largest member not exceeding x, and then determine ym so that Fm(x) > I fox x>ym. If for any given m one can show that ym exists (and, of course, Fm(x) is a "good" approximation to Nm(x)), one will have verified the existence of arithmetic progressions of arbitrary length and consisting only of primes.
Several reasonably independent methods lead to explicit asymptotic formulas for
Nm (x) . In what follows we shall discuss two of these formulas which we denote by Nmix) and A^(x), respectively. The smallest positive integer ym such that Nm(x) > 1 for x > ym will furnish us with a (hopefully) reasonable approximation to the desired value xm (see Table 2 ). Moreover, these formulas show that for all m, lim^^^ Nm(x) = °° and, hence, appear to confirm the stated conjecture. For m < 3, the formulas are known to be correct. For m > 3, however, all known "proofs" make use at some point of an unproved assumption. Thus, the use of these asymptotic formulas must, at present, be considered as being only heuristically justified.
The purpose of the present paper is to compare results obtained by these asymp- Using Hypothesis X, Hardy and Littlewood prove six theorems. The first is the justly famous "w-tuples conjecture" which they call Theorem Xj. We quote this lengthy theorem in full, with some minor notational changes, in order to make the present paper self-contained.
Theorem Xx . Let bx,b2, ... ,bm be m distinct integers, and P(x, bx, ... , bm) the number of groups n + bx,n + b2, ... ,n + bm between 1 and x and consisting wholly of primes. Then The factor l/2(w -1) • x2/logm x in (2) is the asymptotic value of the sum (4) Sm(x) = £(log nx • log n2, ... , log nJT1.
Here the summation is extended over all m-tuples nx,n2, ... ,nm of positive integers such that A3 j <n2 < • ■ ■ < nm are in arithmetic progression and 2 < nx, nm < x. Indeed, making use of a highly nontrivial application of the Euler-Maclaurin formula it is shown in [5] that Sm(x) can be represented by an asymptotic series as follows:
where all the a,(m) axe computable and A may be taken arbitrarily large. The series itself in (5) does not converge.
At least two other methods lead, but still only heuristically, to (3). One, due to D. Zagier [13] , is based on the assumption of the independence of the distribution of residue classes modulo distinct primes (regardless of the length of the intervals considered). The other is based on Vinogradov's version of the "circle method" of Hardy, Littlewood and Ramanujan. For m = 3,(3) (and, in fact, somewhat more) has been obtained by this approach without the use of any unproved hypotheses (see [5] ); but for m > 4 the technical difficulties could not be overcome. However, if one proceeds formally, ignoring such difficulties as large error terms, etc., one obtains Nm(x) as the product of a "singular series" and the sum in (4). In view of the fact that several methods lead to ( 3. Auxiliary Considerations. Before we describe the results obtained a few remarks are in order. From (2) and (5), for m > 2, (3) is equivalent to
where Sm(x) is given by (4) . However, (6) , is meaningful also for m = 1 which is not the case for (3). In fact, (6) 'l +T^+^-+---+ ^L-+0 2 log2 x { lo8* log2x log^x \loif+1x/\
We now call attention to the following rather unpleasant computational fact. For a relatively small value of x, say 104, log x *s 9.2, 2/log x > .21 and 5/log2 x > .05. it is known (see [5] ) that the "twin primes" constant. From (2) (i) formulas (2) and (3) may be used // large enough values of x are utilized so that the neglected terms of the asymptotic series are indeed negligible;
(ii) formula (6) may be used; (iii) the first terms of the asymptotic expansion in (5) may be used so that (6) becomes
The need for these corrective terms, at moderate values of x, was already recognized by
Hardy and Littlewood (see pp. 37-38 in [6] ). (2)), and N*(x) (see (4) and (6)) were calculated for m = 3(1)10, x = 1000(1000)10000 and x = 10000(10000)50000 and for m = 3, 4, 5 are given in Table. 1. (An extension of Table 1 which covers the cases m = 6 to m = 10 is available from the authors upon request.) The required values of C were computed by truncating the infinite product in (1) at p = 999983, and estimating the error thus incurred. The results (correct to six significant digits for m < 15 and five significant digits for 15 < m < 20) appear in Table 3 . The values of 5m(x) were obtained by a rather straightforward application of definition (4). Thirteen significant digits were carried in the calculations, and the results were rounded to seven digits to minimize roundoff error.
The xatiosNm(x)/Nm(x),Nm(x)/Ñm(x) and N^(x)/Ñm(x) axe also given in Table 1 . If the conjectural (for m > 4) formulas are correct these ratios will all approach unity as x -> °°. Otherwise, only N*(x)/Nm(x) may be expected to converge to one.
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.98040 For "large" values of m the upper bound x = 50000 of our computations is totally inadequate for drawing meaningful quantitative conclusions. This is clearly illus- with last terms 53813 and 56659, respectively. Consequently, the ratio Nxo(x)/N*0(x) almost triples from about .08 for x = 50000 to about .23 for x = 57000. The fact that ys = q5 is, of course, coincidental. In fact, one cannot expect ym to approximate qm too closely. Indeed, this is already precluded by the fact that Nm(x) has been used to find ym rather than A^(x) and all the corrective terms of the asymptotic series (5) have been neglected. Furthermore, for small values of x the arithmetic progressions of length m with largest term not exceeding x are distributed in a very irregular manner as we saw in the case m = 10. Under these circumstances it is rather remarkable how well ym seems to indicate the correct order of magnitude of qm. Table 2 also "explains" why it is necessary to go to progressions with such large terms
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use in order to find arithmetic progressions with a modest length like m = 16 or 17. Finally, Table 2 indicates that if one is seeking an arithmetic progression of, say, 20 terms one must expect its last term to have about 13 digits. 5. Final Conclusions. While the upper bound, x = 50000, of our computations is far too small to permit any quantitative inferences, especially for m > 6, the validity of the heuristic formulas (3) and (6) is strongly suggested by our computer data. This conclusion is reinforced when one compares the rates of convergence of the ratios Nm(x)/N*(x) and Nm(x)/Nm(x) to one in the case m = 3 (when (3) and (6) are known to be valid) with those in the cases m = 4 and m = 5 and when one observes the (overall) agreement of the orders of magnitude of qm and ym.
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